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Historical Background 


pronounced interest the ultimate strength structural members dates 
back only one two decades, but its origin may found far back the re- 
cords engineering endeavor, further back than the concepts elasticity 
and working stresses. The origin systematic thought regarding flexure 
beams, Galilei’s work 1638, was exclusively devoted ultimate strength. 
Hooke’s Law was formulated years later, and over 180 years elapsed be- 
fore the fundamental theorems the theory elasticity were developed 
Navier 1821. 

Several early studies reinforced concrete members, such Thullie’s 
flexural theory 1897 and Ritter’s introduction the parabolic distribution 
concrete stresses 1899, were ultimate strength theories (Fig. 1). The 
straightline theory Coignet and Tedesco became generally accepted about 
1900. Two primary reasons were given for such acceptance. The straight- 
line theory was mathematically simple, and the resulting safety factors with 
respect ultimate loads observed tests, were sufficiently controlled 
satisfy the requirements that time. 

Ultimate strength design not new even terms American specifica- 
tions. committee report the National Association Cement Users 
suggested reinforced concrete code 1908 with the following design basis: 
“The design shall based the assumption load four times great 
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the total working load producing stress the steel equal the elastic limit 
and stress the concrete equal 2000 psi.” 

American ultimate strength design code was never adopted, however, 
since the first Joint Committee Standard Specifications for Concrete and 
Reinforced Concrete introduced the concepts working loads and working 
stresses, thereby establishing the straightline theory 1909. Thus, condi- 
tions working loads were emphasized design, with relatively little atten- 
tion being devoted controlling the safety designs. 

the early years our century very rapid development took place 
the use reinforced concrete construction material. Many scientific 
studies were made aid this development, but few new fundamental concepts 
were evolved. 

The straightline theory became widely used that there was tendency 
overlook the approximations involved its assumptions, and applications 
beyond the range validity the theory resulted. For instance, when beams 
were designed with allowable concrete compressive stress, equal 
0.325 times the cylinder strength, was times believed that the safety 
factor against compression failure was near three. the 1920’s Lyse, 
Slater, and Zipprodt pointed out beam tests that the safety factor the 
case mentioned usually exceeds the ratio thus re-emphasizing the 
actual inelastic behavior concrete. 

Another important development was initiated McMillan’s study 
column test data 1921, which showed that building columns under load may 
develop steel stresses, due creep, considerably higher than those predicted 
the straightline theory. This led the ACI Column Investigation the 
1930’s which was carried out Lyse, Slater, and Richart. Rational equations 
for the ultimate strength reinforced concrete columns were established, 
the basis which major revision column design procedures the ACI 
Code took place. 

1931 Emperger wrote critical study the modular ratio, allowable 
stresses, and the straightline theory used reinforced concrete design. 
This paper initiated intense theoretical and experimental studies the ulti- 
mate strength beams, which soon spread over the world. this country, 
Jensen and Whitney have made the most important contributions. 

recent years, the literature ultimate strength design, especially 
foreign, has become very extensive. England, impetus was given the 
subject Rhydwyn Harding Evans’ paper “The Plastic Theories for the Ulti- 
mate Strength Reinforced Concrete Beams” 1944. 1951 Doctoral 
Thesis (Deutscher Ausschuss fir Stahlbeton, Heft 103) was devoted almost 
entirely review and comparison the various theories. less ex- 
tensive review was included Bulletin 399 the University Illinois Engi- 
neering Experiment Station, also published 1951. 

Some the theories that have been presented are reviewed Fig. 
difficult determine the stress-strain relation concrete flexural 
direct experimental means since measurement stresses 
almost impossible, although strains may easily observed. The stress 
distributions shown Fig. therefore vary somewhat. terms predicted 
ultimate strength reinforced concrete members, however, the proper 
empirical parameters are used there relatively small difference between 
the various theories. 

After 1950, consolidation knowledge has been carried out, and new 
important test data have been published. Our knowledge the entire field 
reinforced concrete design has advanced far that transition ultimate 
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strength design seems necessary order continue progress. Ultimate 
strength design has been adopted Russia, Brazil, and several countries 
Europe. Ultimate strength design procedure being considered several 
other countries. 


Recommendations for Design 


Introduction: 


This report presents recommendations and formulas for design rein- 
forced concrete structures ultimate strength theories together with basic 
supporting and explanatory data. The term “ultimate strength design” indi- 
cates method design based the ultimate strength reinforced con- 
crete cross-section either simple bending, combined bending and axial 
load, shear bond the basis inelastic action. The report confined 
design sections. does not deal with the evaluation the external 
moments and forces that exist structures. 

The Committee recognizes that indeterminate structures, ultimate 
load approached, there readjustment the relative magnitude 
bending moments various sections due nonlinear relationship between 
load and moment with the moment the more highly stressed sections in- 
creasing lower rate than the sections less highly stressed. This in- 
elastic behavior, commonly referred redistribution moments limit 
design, important, but this report has been confined design sections 
and consideration their ultimate strength. Studies the Committee show 
that the ultimate load capacity reinforced concrete section can pre- 
dicted with accuracy within design requirements. This has been verified 
comparisons results obtained theories and tests, some which are 
given Appendix 

assumed that external moments and forces acting structure will 
determined the basis the theory elastic displacements. the 
basis this assumption stresses will remain within the elastic limits under 
service loads when proper load factors are used. For simple beams, the 
ultimate capacity equals the computed capacity. For indeterminate structures, 
the maximum moments various sections are due different load arrange- 
ments. Therefore, the maximum load capacity structure may con- 
siderably greater than that indicated the capacity one section because 
redistribution. 


Reasons for Ultimate Strength Design: 


The advantages resulting from design structures for ultimate strength 
may summarized follows: 


(a) ultimate load approached stress and strain are not proportional. 
Therefore, the elastic straightline theory does not give reliable 
prediction the ultimate strength section. Under some circum- 
stances, the ultimate strength may more than per cent greater than that 
computed the straightline theory. follows that the actual factor safety 
cannot determined the straightline theory. This deficiency eliminated 
ultimate strength design. 

Dead load determinate quantity that generally remains unchanged 
during the life structure, but actual live loads are less predictable quan- 
tities beyond the designer’s control. Therefore, unreasonable apply 
the same load factors dead and live loads. Ultimate strength design 
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conveniently permits the use different factors which results more 
uniformly consistent factor safety for live load. 

(c) Conventional column design modified ultimate strength procedure 
whereas the straightline theory used for design for simple flexure. 
unavoidable, therefore, that various inconsistencies occur design sec- 
tions subject both axial load and bending. Designing all types members 
the basis ultimate strength results consistency the design 
procedures. 

better evaluation the critical moment thrust ratio for members 
subject combined bending and load obtained ultimate strength 
design procedure. many structures, arches and multiple story frames, 
the thrust may due largely dead load while moment created primarily 
live load. the use different overload factors for each type load, 
the ultimate strength procedure permits consideration increase live 
load and thereby moment without corresponding increase the dead load 
thrust. The combination resulting from this consideration may more criti- 
cal than that produced the same increase both dead load and live load. 

(e) For prestressed concrete necessary that design recommendations 
include investigation ultimate strength determine the factor safety 
since high loads, stresses not vary linearly. The straightline theory 
therefore not applicable the ultimate strength theory must used. 


General Requirements: 


(a) The “Building Code Requirements for Reinforced Concrete” the 
American Concrete Institute, apply the design members ultimate 
strength theory except where otherwise provided this report. 

Analysis indeterminate structures such continuous bridge girders 
and arches should based the theory elastic displacements. For 
buildings usual types construction, spans and story heights approximate 
methods such the use coefficients recommended the ACI Building 
Code are acceptable for determination moments, shears and thrusts. 

(c) Bending moments compression members should taken into ac- 
count the calculation their strength. 

(d) structures such arches the effect shortening the arch axis, 
temperature, shrinkage and secondary moments due deflection should 
considered. 

(e) Attention should given the deflection members, including the 
effect creep, especially whenever the net ratio reinforcement which 
defined (p-p') any section flexural member exceeds 

concrete should used and should meet the following re- 
quirements. The quality concrete should such that not more than test 
should have average strength less than the strength assumed the 
design and the average any three consecutive tests should not less than 
the assumed design strength. 


Not less than one test should made for each 250 cu. yd. concrete, for 
each day’s work, for each class concrete, and for each change supplier 
source material. Each test should consist not less than standard 
cylinders made, cured and tested accordance with “Method Making and 
Curing Concrete Compression and Flexure Test Specimens the Field” 
C31) and “Method Testing for Compressive Strength Moulded 
Concrete Cylinders” (ASTM C39). 


*For definition symbols see pages and 11. 
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Where there question the quality the concrete the structure, 
the engineer (architect) may require tests accordance with “Methods 
Securing, Preparing and Testing Specimens from Hardened Concrete for 
Compressive and Flexural Strengths” (ASTM C42) order load tests that 
portion the structure where the questionable concrete has been placed. 


Assumptions: 


The design reinforced concrete members based the following 
assumptions: 


Plane sections normal the axis remain plane after bending. 

Tensile strength concrete neglected sections subject bending. 

ultimate strength stresses and strains are not proportional and the 
distribution compressive stresses section subject bending 
nonlinear. The diagram compressive concrete stress distribution 
may assumed rectangle, trapezoid, parabola any other shape 
which results ultimate strength reasonable agreement with tests. 

Maximum fiber stress concrete does not exceed 0.85f 


Load Factors: 
The following terms are used the load factor equations: 


ultimate strength section. 

effect basic load consisting dead load plus volume change due 
plastic and elastic actions, shrinkage and temperature. 

effect live load plus impact. 

effect earthquake forces. 

load factor equal for columns and members subjected combined 
bending and axial load, and equal 1.8 for beams and girders sub- 
jected bending only. 


Members should proportioned (1) They should capable 
carrying without failure the critical load combination given below thereby 
insuring ample factor safety against increase live load beyond that 
assumed design; (2) The strains under working loads should not 
large cause excessive cracking. These criteria are satisfied the 
following formulas: 

For those structures which, due location proportions, the effects 
wind and earthquake loading can properly neglected: 


For those structures which wind loading should considered: 


1.2B 0.6L 2.4W (Ib) 


For those structures which earthquake loading should considered, 
substitute for the preceding equations. case there doubt 
the importance wind earthquake loading can tested making 
trial calculation using these equations. 
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Rectangular Beams with Tensile Reinforcement Only: 


the ultimate capacity section resist moment and thrust 
approached, the distribution compressive stresses assumes shape such 
that shown Fig. However, any idealized shape such rectangular, 
trapezoidal parabolic, may used design provided that good agreement 
obtained with ultimate strengths measured comprehensive tests such 
those listed Appendix 

The ultimate capacity underreinforced section approached when 
the tensile steel begins yield. The steel then assumed elongate plas- 
tically its yield point stress thereby reducing the concrete area com- 
pression until the concrete crushes its ultimate strain. Because the 
initial yielding the steel, the ultimate strength obtained considered 

The equations for the ultimate strength section are based the two 
equations equilibrium: (1) the sum internal stresses equals the external 
axial force, and (2) the moment the internal stresses equals the external 
moment. For rectangular underreinforced beams, which the strength 
limited tension the steel, the ultimate resisting moment given the 
formula: 


which 


yield point stress steel 60,000 psi. The smaller the two 
values should used. 

from extreme compressive fiber centroid tensile 
reinforcement. 

ratio distance between extreme fiber and resultant compressive 
stresses distance between extreme fiber and the neutral axis, 
ratio distance between extreme fiber and resultant compressive 
stresses height equivalent stress block. 

ratio the average compressive stress 

28-day cylinder strength. 


The ratio k,/k, depends the assumed distribution compressive 
stresses. equals 1/2 for rectangular distribution, 2/3 for triangular dis- 
tribution. The computed ultimate moment should not exceed the value given 
the following formula: 


(2a) 
c 
which can restated 


(2b) 


Compressive 
stresses 


Strains 


Fig. Distribution Stress. 


4 
4 
Neutral axis 
4 
4 
809-9 


equation (2a) the maximum ratio reinforcement limited 


This limiting value about 0.9 that required develop the full com- 
pressive strength the section. 


Rectangular Beams with Compressive Reinforcement: 


Stresses compressive reinforcement ultimate strength may as- 
sumed equal the yield point stress 60,000 psi whichever the smaller. 
The resisting ultimate moment should not exceed 


which should not exceed 0.40f and 


area compressive reinforcement 
from extreme fiber centroid compression steel 


T-beams: 


When the flange thickness equals exceeds the depth the neutral axis 
given the formula kyd 1.30 1.30 qd, the depth the equi- 
valent stress block (1.18qd) the section may designed for rectangular 
beam eq. (2a) (2b), with computed for beam with width equal 
the overall flange width. When the flange thickness less than less 
than the depth the equivalent stress block the resisting moment may 


taken 


(5) 


which steel area necessary develop the compressive strength 
the overhanging portions the flange. 


thickness 

eq. (5) the value should not exceed 


*The coefficient 0.40 reduced the rate 0.025 per 1,000 psi con- 
crete strength excess 5,000 psi. 
**Correction for concrete area displaced compressive reinforcement may 


accounted for subtracting 0.85 from 
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T-beam construction, the effective flange width either side the 
web should not taken greater than six times the thickness the slab. 


Concentrically Loaded Short Columns: 


For concentric loads, the maximum load capacity, given the 
formula 


which 


the gross area the section 
cross-sectional area the bars 


However, all members subject axial loads should designed for 
minimum eccentricity. For spirally reinforced columns the minimum ec- 
centricity measured from the centroidal axis column should taken 
0.05 times the depth the column section. For tied columns the minimum 
eccentricity should taken 0.10 times the depth. 


Combined Bending and Axial Load: 


Rectangular Section: 


The ultimate strength members subject combined bending and axial 
loads should computed from the usual two equations equilibrium, which 
when less than unity may expressed follows: 


which 


axial load the section. 
the axial load measured from the centroid tensile 
reinforcement. 
the tensile reinforcement which equals when tension 
controls ultimate strength, but smaller than compression 
controls. 
distance from extreme fiber neutral axis. 


the above equations k,/k, should not taken less than 0.5 and not 
greater than When the maximum concrete strain limited 
and the modulus elasticity the reinforcement assumed 10° psi, 
equation (7a) indicates that the section controlled tension when 


Correction for concrete area displaced compressive steel area may 
accounted for subtracting from 

**The coefficient 0.85 and 0.72 reduced the rate 0.05 and 
0.04 respectively per 1,000 psi concrete strength excess 5,000 psi. 


When P,, less than the value given equation (8) and taking into 
account area displaced the compressive equations (7a) and 
(7b) reduce 


which 


=A,/bd 


For symmetrical reinforcement, equation (9) reduces 


With compression reinforcement, equation (9) reduces 


When P,, exceeds the value given equation (8) the ultimate capacity 
member controlled compression. For this condition, linear relation- 
ship between axial load and moment for values between that given 
equation (8) and concentric load may assumed. For this range the ulti- 
mate axial load may therefore computed from the formula: 


measured from plastic centroid section. 
eccentricity load measured from plastic centroid section 


When the ultimate capacity member controlled compression, 
symmetrically reinforced unsymmetrically reinforced members the 
equation 


which 


may substituted for equations (12). 


Circular Section: 


The strength member circular cross section subject combined 
bending and axial loads may computed the basis the equations 
equilibrium taking into account inelastic deformations the partially 
rational and partially empirical formulas (14) and (15). 


(0.80 


0377) 


which 


circle circumscribing the reinforcement 
the eccentricity axial load measured from centroid section 


Slender Members: 


When the unsupported length, axially loaded member greater 
than fifteen times its least lateral dimension either 


the effect the slenderness the ultimate capacity should taken 
into account stability determination with apparent reduced modu- 
lus elasticity used for sustained loads. numerical procedure 
that recommended the Report Committee 312 “Plain and Rein- 
forced Concrete Arches” Journal ACI, May 1951 may used. 

the maximum axial load should restricted 


(16) 


which the maximum concentric load capacity the section with L/d 
less than fifteen. 


Shear and Bond: 


Because the studies and experimental investigations now underway for 
the joint ACI-ASCE Committee Shear and Diagonal Tension and for the ACI 
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(13) 
(14 


Committee Bond Stress tentative recommendations regarding the ulti- 
mate strength reinforced concrete members these two items are pro- 
posed this time. 


APPENDIX 


Test Data 


Evidence the reliability design formulas given the recommendations 
for the proportioning sections presented Tables and Fig. 
inclusive. These tests include most the available data the ultimate 
strength beams failing bending and columns subject combined 
bending and axial load. The data covers wide range concrete and steel 
strengths, percentages reinforcement and specimen sizes. 

For the beam specimens the concrete strength ranged from 1390 ap- 
proximately 6000 psi, while for the column specimens varied from 1570 
about 9500 psi. The yield points the reinforcement ranged from 36,600 and 
95,500 psi. The smallest beam was in. and the largest was T-beam 
with 20-in. wide flange and web about 12.5 in. deep. Data the square 
columns are for 10-in. and 4-in. columns. Round columns have 
12-in. diameter. 

Table physical properties are listed the second the seventh 
column, inclusive. The eighth column, headed the maximum ratio 
reinforcement permitted equation (3). This does not represent the maxi- 
mum ratio required develop the full compressive strength the concrete. 

The ultimate capacity given terms the parameter 

The ninth column this value computed from the breaking load. The ultimate 
capacity determined the conventional straightline procedure tabulated 

the next The eleventh column computed means equation 

(2) except when exceeds py, which case the ultimate capacity restricted 
the value obtained comparison test results and computed 

values expressed ratios, Test/Straightline Test/ Ultimate, given 
the last two columns. 

should noted that for ratios reinforcement below balanced rein- 
forcement, computed the straightline procedure, the difference between 
the straightline and ultimate strength values small. For larger ratios 
significant difference occurs. graphical representation values tabulated 
Table given Fig. The curve has been computed the basis 
equation (2a) expressed the dimensionless form shown Fig. The 
value taken from equation (3). 

comparison test results and computed values for square columns 
given Table The eccentricity the applied load given the column 
headed “e” the distance from the centroid the tensile reinforcement. 

contrast the dimensionless parameter adapted for showing the ulti- 
mate capacity beams, the actual breaking load tabulated the twelfth 
column. Because the empirical nature the ACI column formulas, 
not possible establish the maximum capacity column their proce- 
dure. Hence the thirteenth column indicates the design load computed 
accordance with provisions the ACI code. The ratio given the column 
headed “Test/ACI” then the ratio design load ultimate and there- 
fore representative the safety factor contained ACI formulas. 

the ultimate capacity predicted the ultimate strength theory. 
Because specimens Ala C5b are unsymmetrically reinforced, equations (7) 
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and (9) were used compute the ultimate direct load for the given eccentri- 
city. For the others, equations (10) and (13) were employed, with (10) applied 
specimens whose strength controlled tension and (13) applied 
specimens controlled compression. The close relationship between cal- 
culated and test results evident the last column. 

Table summarizes the comparison between test and computed values for 
circular columns. 

Because p,,, given equation (3) and tabulated the eighth column 
Table less than the ratio reinforcement required develop the full 
compressive strength the concrete, the predicted ultimate strength when 
more than underestimated. more realistic picture given 
Table which the ultimate values the various stress blocks are given. 
The values for parabolic and trapezoidal distribution have been computed 

The various sources referred column the Tables are: 


“Compressive Strength Concrete Flexure Determined from Tests 
Reinforced Beams,” Slater and Inge Lyse, ACI Proceedings, 
Vol. 26, 1930. 

Plain and Reinforced Concrete Made with Haydite Aggregates,” 


Richart and Jensen, University Illinois Engineering 
Experiment Station Bulletin No. 237, 1931. 


“The Modular Ratio,” Part Dr. Hajnal Konyi, Concrete and Con- 
structional Engineering, Vol. 32, 1937. 


nisch, ACI Proceedings, Vol. 33, 1937. 


“High Yield-Point Steel Tension Reinforcement Beams,” 
Johnston and Cox, ACI Proceedings, Vol. 36, 1940. 


“Comparative Tests Concrete Beams Reinforced with Isteg and Hot- 
Rolled Deformed Bars” Report No. 2507, Columbia University, 1941. 


“Test Reinforced Concrete Beams with Recommendations for Attaining 
Balanced Design,” Kenneth Cox, ACI Proceedings, Vol. 38, 1942. 


Ultimate Strength Reinforced Concrete Beams,” Lash 
and Brison, ACI Proceedings, Vol. 46, 1950. 


“Compressive Strength Concrete Flexure,” Slater and 
Zipprodt, ACI Proceedings, Vol. 16, 1920. 


“The Strength Reinforced Concrete Beams Richard Humphrey 
and Louis Losse, Technological Paper No. National Bureau 
Standards, 1912. 


Study Combined Bending and Axial Load Reinforced Concrete 
Members,” Eivind Hognestad, University Engineering 
Experiment Station Bulletin Series No. 399. 


Resistance Combined and Compression Square Con- 
crete Sections,” Paul Andersen, University Minnesota Engineering 
Experiment Station Technical Paper No. 29. 
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APPENDIX 


Design Aids: 


expedite the proportioning sections ultimate strength theory, 
series charts has been prepared. Fig. enables designer determine 
either the percentage reinforcement required after section has been 
chosen the depth beam for given percentage reinforcement and 
width beam. the first case, the chart entered from the left side with 
calculated value This value extended the cylinder strength 
chosen. The intersection then extended vertically upwards the steel 
strength used. The percentage reinforcement read the right hand 
margin. For determining the depth required for given moment, the direc- 
tion reversed. 

There are several ways using the design chart Fig. One way 
enter chart with value and proceed horizontally value 
pm-p’m which for symmetrical reinforcement equals From this inter- 
section proceed vertically the calculated value and then hori- 
zontally the right margin and read the value From this 
value the amount compression and tensile reinforcement can obtained. 

The next four charts Fig. are applicable symmetrically reinforced 
rectangular columns. The intersection the values and 
gives the required amount reinforcement. 


APPENDIX 


Derivations 


The derivation ultimate strength formulas for reinforced concrete cross 
sections adheres closely the procedure employed the straight line theory. 
the classical approach, the determination the capacity section 
commences with the two basic equations equilibrium. 


Rectangular Beams Simple Bending with Compressive Reinforcement 
Fig. the summation horizontal forces ultimate load yields 
(17) 


and the summation moments about the reinforcement gives 


which 


day cylinder strength the concrete 
the average stress the compressive area divided 0.85 
distance from extreme compressive fiber the neutral axis 
width section 
depth beam centroid reinforcement 
area tensile reinforcement 

distance from extreme fiber centroid compressive force 
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(18) 


steel ratio 


psi. 


Fig. Ultimate Bending Moment for Rectangular Beams. 
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Combining equation (17) and (18) and assuming that fy, have 


which yield point stress steel 

fy/0.85 
Equation (19) valid long the percentage reinforcement less than 
the value balanced reinforcement. This latter value determined from 
the condition that the yield point strain steel occurs simultaneously with 
the maximum concrete strain. Assuming linear distribution strain 
any cross section then, 


which 


ultimate compressive concrete strain 


Solving for gives 


Substituting equation (21) equation (17) which taken gives 


Factoring common terms and designating the determined gives 


Rectangular Beams Simple Bending with Compressive Reinforcement 


Since ultimate load assumed that the concrete strained its 
ultimate value, the compressive reinforcement also considered stressed 
its yield point. Equations (17) and (18) which express the summation 
moment and forces therefore become 


which 


A's area compressive reinforcement 
distance from extreme fiber centroid compression 
reinforcement 


Assuming equation (24) and solving for 
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(24) 
(25) 


u 


Substituting equation (25) and factoring 


Because their minor effects, the term 0.85 the first parenthesis and 
the quantity multiplying can ignored. 
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Fig. 

€ 

Fig. 


T-beams 


the neutral axis falls within the flange the beam, the formulas for 
rectangular beams hold. The limiting values can estimated from 
equation (17). Solving for have 


which based overall width flanges and web 
assumed conservatively 0.9, then 
When greater than the depth flange, the steel provided may con- 
sidered subdivided into portion which will develop the compressive 


strength the flange and portion for the web. the compressive force 
the flange assumed uniformly distributed, the total resisting moment 


0-85 f', t/f 


Rectangular Section: Combined Bending and Axial Load 


axial load acts section, equations (24) and (25) become 


with the eccentricity measured from tensile reinforcement. 
For balanced reinforcement and the value expressed 
equation (21). Therefore for this condition 


Whenever the axial load exceeds the value given the right side equa- 
tion (33), compression strength controls and when the axial load less, ten- 
sion strength controls. 

For tension failure, fy, dividing equation (32) equation (31) and 
factoring 


which 
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Substituting equation (31) gives 


For symmetrical reinforcement and therefore 


With compression reinforcement p'= and hence 


When the axial load greater than the value given equation (33), the 
relationship between the moment about the centroidal axis and the thrust 
almost linear. For design purposes linear relationship can assumed. 
this basis: 


which 
e' 
For concentrically loaded specimen 


concentric load capacity 
eccentricity measured from plastic centroid section 
eccentricity load measured from plastic centroid section 


which 


the gross area section 
cross-sectional area bars 
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(37b) 


The preceding equations represent generalized statements valid for any type 
stress distribution. obtain numerical values for the constants and 
k,, particular stress block distribution must assumed. For the purpose 
studying the effect changes the variables the ultimate capacity, 
three representative distributions, parabolic, trapezoidal and rectangular 
will investigated. 


Parabolic Distribution 


When the initial stress-strain relationship assumed equal the 
parabolic distribution must conform shape shown Fig. which 
the solid outline represents stress relationship and the dash line, strain 
relationship. this figure, the curve between the neutral axis and the 
ordinate linear variation assumed. Thus the area the upper portion 
the stress block trapezoidal. this basis, the stress any point 
terms the distance from the neutral axis 


But since the strain assumed vary linearly from top bottom 


Substituting these values equation (39a) gives 


From which 


(39e) 


The slope this curve represents the variation the modulus elasti- 
city. Hence taking the first derivative, gives 


the neutral axis, assumed that the slope equal and there- 
fore when have 


(39g) 
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and 
(39c) 


From Fig. the area the compressive block being equal the sum the 
parabolic and trapezoidal segments equal 


Since definition the ratio the average stress 0.85 


0.85 


Substituting for its value given equation (39h) 


0.925 0.438 (41) 


The value determined taking moments the compressive force 
about the top beam. The lever arm from top beam centroid para- 
bolic section 


and that for the trapezoidal portion 


kyd 


Multiplying the areas the moment arms have for the moment 


Factoring 


Dividing the total area 
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0.219 

and therefore 


0.786 -0.219 (42f) 


and replacing its equivalent value 1.7 and dividing k,, gives 


(0.786 
0.85 


which can restated as: 


(42h) 


From the above equation, evident comparing the numerator and de- 
nominator that k,/k, insensitive variations the value selected for 
and For all practical purposes 


(43) 


The value the other hand from inspection eq. (41) somewhat 
dependent the selected values and The maximum variation 
the value occurs the lower cylinder strengths. Even then within the 
practical ranges for from .003 .004, the maximum variation 
only about 9%. assumed equal .0035 and 1000 


0.438 
0.80 


Distribution 


Fig. 10, the solid outline represents the distribution compressive 
stresses while the dash line represents the strain. From geometrical con- 
siderations the total compressive area equals 


0.85 


and therefore 


k,= 
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(42g) 
(45b) 
(46) 


The moment the compressive forces about the top the beam 


Factoring gives 


Dividing the area and recalling that definition the distance 
from top beam centroid force 


and hence 


Hence equation (46) reduces 


k,= 


For the same reason given parabolic distribution, for practical 
purposes 


Following the same procedure used the parabolic stress block, varia- 
tion the value may amount much 8%. assumed equal 


Rectangular Distribution 
From the geometrical properties rectangle, for the rectangular 
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Now 

(49) 
and 


Fig. 13. 


distribution and 0.5. Unless strain relationships are considered, 
the percentage reinforcement for balanced design can only obtained 
from beam tests. Results tests indicate that with compression 
reinforcement 


the critical percentage steel required develop the full compressive 
strength the concrete. 

The preceding derivations have been formulated the basis non- 
linear stress-strain relationship. However for the rectangular distribution, 
another approach only indirectly related the stress-strain relationship 
has the merit considerable simplicity. 
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Neutral oxis 
Fig. 10. 
(a) (b) 


assumed that the stress distribution concrete beam failure 
has the shape the cylinder stress-strain curve shown Fig. 11, the 
compression, the area bounded the curve. The line action 
lies through the center gravity this area. From examination 
actual stress-strain curves found that, the actual area replaced 
equivalent rectangular area width equal 0.85f', and depth equal 
the location the center gravity this rectangle corresponds closely 
with that the actual area. 

the beam under-reinforced that the primary failure will occur 
the tensile steel, the concrete will crack the steel stretches, and the 
equivalent depth the beam compression, will decrease until the aver- 
age effective concrete stress reaches the maximum. The concrete will then 
fail progressively, reducing the lever arm the steel and causing failure 
the beam. 

Therefore 


4 
Fig. 11. 
Fig. 12. 
or 
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which 


area tensile steel 
yield point stress steel 
width beam 
concrete cylinder strength. 


The steel percentage 


The lever arm the steel reinforcement then 


(56b) 


The ultimate resisting moment the beam controlled tension the 
steel can written: 


The limiting value the depth equivalent compression, for equal con- 
crete and steel strengths flexure can best determined experimentally. 
there least sufficient steel fully develop the strength the con- 
crete, additional steel does not materially increase the strength the beam. 
The limiting value a/d computed from tests 0.537 and c/d 0.732. 
The corresponding ultimate resisting moment given the expression 


The critical percentage steel required develop the full compressive 
strength the concrete (see Eq. 54): 


a? 
(55a) 
and 
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For beams with less steel, the allowable bending moment given 


Eq. (57). 


Beams Reinforced for Compression 


The ultimate bending moment compression computed adding the 
moment the steel compressive stress that the concrete stress. Then 
the ultimate moment which the beam will fail compression, assuming 


(60b) 


which the area the compression steel, and its lever arm. 

When the beam under-reinforced tension, the lever arm the tensile 
steel can computed the compressive steel stressed its elastic 
limit and the remainder the compression the concrete. The calcula- 
tion made the tensile steel were two parts, one balance the com- 
pressive steel and the other balance the stress the concrete. The ulti- 
mate tensile moment then 


Flexure and Direct Load Rectangular Sections 
Compression Failure 


The strength the compression side the section will the same when 
the member subjected bending and direct load under flexure 
alone. Therefore, (60a) can used predict the resistance compression 
failure eccentrically loaded rectangular section. 

When there sufficient tensile steel prevent tension failure, the ulti- 
mate compressive moment (see Fig. 12) 


from which, since 


or 
or 
2d? 
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Eq. (63) gives the theoretical value when the eccentricity the load 
greater than the eccentricity the resisting forces the compression side 
the section. Because its derivation has theoretical meaning for 
smaller eccentricities but can adjusted the smaller range making 
approach the proper value for axially loaded column approaches 
zero. The first term giving the steel strength needs adjustment because 
equals when equals zero. known that the concrete strength 
0.85 for axial load the second term becomes 


and with this change, Eq. (63) becomes: 


(64) 


which gives the strength the rectangular member controlled com- 
pression strength. 


Tensile Failure 


the member over-reinforced the compression side that the 
compression steel sufficient take the total compression force without 
help from the concrete, the value the ultimate load can expressed 
taking moments, and 


(d-d') 


When there not sufficient compression steel take all the compression 
force, may assumed for practical purposes that both the tension and 
compression steel will stressed the yield point ultimate load, and the 
remainder the compression load the section acts the compression 
side the concrete over equivalent depth equal This total compres- 
sion the concrete then 0.85 and follows that 


Then moments about the tension steel 


Substituting the previous values and solving for find: 
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For the symmetrical reinforcement, when this reduces 


When there compressive steel, and the ultimate load equals 


pm) 


Columns with Round Cores 


Square Columns—When square column (Fig. 13(a)), the longitudinal re- 
inforcement distributed around the circumference circle with dia- 
meter Eqs. (64) and (67) can adapted substituting for the value 
the equivalent effective steel distance terms Using 0.67d and as- 
suming half the steel effective each side the section, Eq. (64) becomes, 
for ultimate load producing compression failure: 


O85 
(68) 


Round Columns—To adapt Eq. (68) for compression failure the case the 
round column with round core, the effective depth the concrete section 
can changed 0.8D and Eq. (68) becomes 


0.85 


For the case tension failure new equation can derived the same 
manner Eq. (67). For this purpose the distance from the center line the 
section the center gravity the area concrete compression can 
expressed with sufficient accuracy 


which the compression area. Assuming that the total steel compres- 
sion the total steel tension 
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Then assuming that four-tenths the total steel area effective each 
side, and that the effective d-d' 0.75d, adding 0.09D allow for de- 
flection, and taking moments: 


which reduces the following equation for the ultimate load controlled 
tension round column with round core: 


0.85e 


Unsymmetrically Reinforced Rectangular Sections 


The maximum axial load capacity unsymmetrically reinforced rec- 
tangular column given by: 


when the load concentric with the resultant the resisting forces the 
steel and concrete. The centroid the resisting forces located dis- 
tance from the center the cross-section, where 


where 

The complete moment thrust curve for rectangular columns with unsym- 
metrical reinforcement may drawn follows: 

Given, the eccentricity from the center the cross-section, positive 
the side with the smaller steel area, construct the curve for positive eccentri- 
city using Eq. (64) and Eq. (67a). 

Plot Ae') given Eq. (72) and (73). Draw straight line 
from this point from Eq. (64) obtain Curve 

Curve the compression failure curve for negative corre- 
(64) for positive eccentricity, may obtajned joining 

(Curve obtained applying Eq. (64) also when the load the side 
the greater steel, and shown for comparison only.) 

The tension failure curve for negative values given Equations 
(74), (75a) and (75b). 


may noted that Curve (75a) straight line. For 


Curves (74) and (75b) join Curve (75a) when 

typical moment thrust curve for reinforced rec- 
tangular column plotted Fig. 14. 

Substitution numerical values the previously derived equations re- 
veals that the essential difference between the various stress distributions 
lies the maximum percentage reinforcement, (called balanced rein- 
forcement) which will fully develop the compressive strength the beam. 
Tables and give values balanced reinforcement and the corresponding 
ultimate capacity for various assumptions regarding the value and 
ultimate strain. Table shows that when less than 60,000 psi, the 
value marked “allowed” is, most cases, less than that 
obtained the various methods. Hence, Tables and show that the equa- 
tion (3) which limits 0.40 satisfactory. this study should 
noted that conservative values 0.003, 0.0035 and 0.0038 have been 
used. The value 0.003 represents the smallest maximum strain 
which might expected. Strains obtained tests are generally excess 
0.003. 

Fig. 15a Fig. 16, inclusive, illustrate the effect variations the 
assumed value and for members subject combined bending and 
axial load. noted that changes the value have negligible 
effects the moment-thrust curves. 

Fig. 17, ultimate strength curves computed three different 
methods have been plotted. should noted that the parabolic distribution 
gives somewhat more conservative values than the trapezoidal distribution. 
The values obtained rectangular stress distribution computed equa- 
tion (13) plot between the values given the assumed trapezoidal and para- 
bolic distributions when the ultimate capacity controlled compression. 
The lower portion the moment-thrust curve for the rectangular and trape- 
zoidal distributions coincide. 
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where 
For 
where 


Fig. 14. Graphical Solution for Unsymmetrically Reinforced 
Member Subject Combined Bending and Axial Load. 


= 
- 
As A's 
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Block). 


Fig. 15b. Comparison Ultimate Strength with Variations Ultimate Strains (Trapezoidal Stre 
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Ultimate Strength with Variations 


Fig. 16. Comparison 
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Fig. 17. Comparison Ultimate Strength Indicated Various Methods. 
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